The paradigm of phenotypic plasticity indicates reversible relations of different cancer cell phenotypes, which challenges the cellular hierarchy proposed by the conventional cancer stem cell (CSC) theory. Since the validity of the reversible model versus the hierarchical model of cancer cells is still experimentally debated, it is worthwhile to theoretically explore the dynamic behavior characterizing the reversible model in comparison of the hierarchical model. By comparing the two models in predicting the cell-state dynamics observed in biological experiments, our results imply that the reversible model has advantages over the hierarchical model in predicting both long-term stable and short-term transient dynamics of cancer cells. In particular, it is found that i) the reversible model can predict the phenotypic equilibrium better than the hierarchical model, namely, the stability of the phenotypic mixture of cancer cells is more rooted in the reversible model; ii) the reversible model can perform various types of overshoot behavior, whereas the hierarchical model can never predict the overshoot of CSCs proportion. These also indicate that the phenotypic equilibrium and overshoot can be good candidates to characterize the models with the reversible phenotypic plasticity.
Introduction
The cancer stem cell theory has provided a hierarchical model of how diverse cancer cells being organized [1, 2, 3] . Similar to the stem cell theory in normal tissues. this hierarchical model assumes that a small number of stem-like cancer cells (termed cancer stem cells, CSCs) are capable of self-renewal and differentiation into other more committed cancer cells (termed non-stem cancer cells, NSCCs) but not vice versa. That is, CSCs are thought to be at the apex of this cellular hierarchy. However, some recent researches may challenge this unidirectional relation of cancer cells. It has been reported that cancer cells can convert from NSCC phenotypic state to CSC phenotypic state in some cancers (breast cancer [4, 5] , melanoma [6] and colon cancer [7] ). Furthermore, the interconversions among diverse cancer cell phenotypes have also been found (breast cancer [8] ). All these works indicate reversible relations of different cancer cells (termed phenotypic plasticity, which has long been an issue concerned in bacterial populations [9] ).
Very recently special attention has already been paid to the cancer models with reversible phenotypic plasticity by theoreticians. In particular, dos Santos and da Silva explained the variable frequencies of CSCs in tumors by establishing a model with stochastic cell plasticity [10, 11] . Leder et al investigated the model of reversible conversions between the stem-like resistant cells (SLRCs) and the differentiated sensitive cells (DSCs) in glioblastomas [12] . Wang et al showed how tumor heterogeneity arises in the model of cooperating CSC hierarchy with cell plasticity [13] . Zhou et al showed that the conver- Figure 1 : overshoot is a type of non-monotonic phenomenon [18] that, starting from a small state, the process first increases above the final equilibrium level and then gradually decreases to it sion from NSCC phenotype to CSC phenotype was essential for explaining the transient increase of the minority CSCs proportion observed in cancer cell lines [14, 15] . Chen et al studied stochastic models that capture the transitions between endocrine therapy responsive and resistant states of breast cancer cells [16] . Zhou et al investigated nonequilibrium dynamics with phenotype transitions of cancer cells [17] .
Even though the above-mentioned reversible models have provided valuable insights into cancer researches, the validity of the reversible model versus the hierarchical model of cancer cells is still debated [19, 20] . For example, Zapperi and La Porta [19] questioned the validity of the phenotypic switching since the observation of reversible expression of surface biomarkers may be due to imperfect biomarkers and error in cell sorting process. Thus a rigorous analysis on the characteristics owned by the model with the phenotypic plasticity is essential for model validation. In this study, we try to investigate the salient features of the reversible model in comparison of the hierarchical model. Enlightened by Gupta et al's work [8] , they studied the cell-state dynamics of SUM149 and SUM159 breast cancer cell lines. In their experiments, two interesting phenomena were observed: the phenotypic equilibrium and overshoot. For the phenotypic equilibrium, they found that the breast cancer cell lines will tend to a stable phenotypic mixture over time regardless of initial states. That is, instead of disordered behavior, the phenotypic proportions of cancer can also show stability in heterogeneity. For the overshoot, they also found that shortly after the cell sorting, the proportion of the minority subpopulation will increase transiently above the final equilibrium level, and then decrease to it (Fig. 1) . Based on these observations, we try to compare the performances of the two models in predicting both long-term and short term dynamics of cancer cells. Our results indicate that the reversible model shows greater advantage in predicting both the phenotypic equilibrium and overshoot than the hierarchical model. For the linear case, it is shown that the linear hierarchical model can neither perform phenotypic equilibrium nor overshoot, but the linear reversible model can predict both of them. In particular, the phenotypic equilibrium naturally holds in the reversible nature of the model without any additional conditions, and the linear reversible model can perform three types of overshoot patterns (asynchronous, synchronous and oscillating). For the nonlinear case, even though the nonlinear hierarchical model performs better than the linear hierarchical model, it is still not good enough to make good predictions to the cell-state dynamics. On one hand, the nonlinear hierarchical model can predict the phenotypic equilibrium only when the self-contributed growth rate by CSCs is faster than that of more committed cancer cells, but it has been reported that this condition can be violated in some cancers [21, 22] . On the other hand, the nonlinear hierarchical model can never perform the overshoot of CSCs proportion. For the nonlinear reversible model, it is shown that the nonlinearity maintains the good performance by the linear reversible model in predictions. We prove that the nonlinear reversible model has unique positive stable fixed point and no stable limit cycle.
The paper is organized as follows. The mathematical model is presented in Section 2. Main results are shown in Section 3, where we give a comparative study of the reversible and hierarchical models. Conclusions are presented in Section 4.
Model
In this section we describe the formulations of the model investigated in this study. We model cancer as population dynamics of cancer cells, each cancer cell can be assigned to one of the following cell phenotypes: CSC 0 , NSCC 1 , NSCC 2 , ..., and NSCC n . Let X 0 (t), X 1 (t),..., X n (t) be the cell numbers of CSC 0 , NSCC 1 , ..., NSCC n at time t respectively, then the model can be described as a cellular dynamical system of
T . In particular, when n = 1, the model will reduce to the twophenotypic model. That is, besides CSC-phenotype, all the other cancer cells are grouped into one whole NSCC-phenotype. This CSC-NSCC model has extensively been investigated in previous literature [19, 10, 11, 14, 12, 13] . Here we pay more attention to the case of n > 1. As a starting point for rigorous analysis of the multi-phenotypic model, the case of n = 2 should be a natural and favorable candidate. Note that in Gupta et al's experiments [8] , three phenotypes were also identified: stem-like, basal and luminal cells. In light of both theoretical and experimental reasons, the three-phenotypic model (n = 2) is the focus in this study.
We thus consider the population composed of three phenotypes: CSC 0 , NSCC 1 , and NSCC 2 . In this model, the phenotypic plasticity is incorporated with the framework of cancer stem cell model [23, 24, 25, 26] . For CSC 0 , it can not only divide symmetrically into two identical CSC 0 daughters, but also divide asymmetrically into CSC 0 and NSCC i (i = 1 or 2) [27, 28, 29] . So we can list the cellular processes for CSC 0 as follows:
• CSC 0
For NSCC 1 , besides the symmetric cell divisions and cell death as follows
the phenotypic transitions are also accounted for
• NSCC 1
Similarly, for NSCC 2 we have
• NSCC 2
Based on the above cellular processes, the dynamics of − → X t = (X 0 , X 1 , X 2 ) T can be captured by the following ordinary differential equations (ODEs)
If letting
Eq. (1) can be expressed as
For this model, we have the following remarks:
(1) Each element q ij of Q can be seen as the per capita growth rate of i th phenotype contributed by j th phenotype. Let us take the first row of Q as an example. α 1 is the symmetric division rate of CSC 0 , thus the growth rate of X 0 due to CSC 0 themselves can be expressed as α 1 X 0 ; β 2 and γ 2 are the transition rates from NSCC 1 and NSCC 2 to CSC 0 respectively, so the growth rate of X 0 due to NSCC 1 and NSCC 2 is β 2 X 1 + γ 2 X 2 . In this way, it is easy to explain the biological meaning of "dX
e. the rate of change of X 0 is the sum of the growth rates contributed by all the three cell phenotypes in the population. Similarly, we can explain the other two equations in Eq.
(1).
(2) Note that β 2 , β 3 , γ 2 and γ 3 are the parameters associated with the phenotypic plasticity, the model will be reduced to the hierarchical model by letting them be zero. Accordingly, Q will become to an upper-triangular matrix
(3) Let W = X 0 + X 1 + X 2 be the total number of the population, then
Note that the coefficient of each X i on right-hand side of Eq. (5) is just the the sum of the corresponding column in Q, i.e. the per capita growth rate of the whole population due to X i . In particular, when
the growth rate of the whole population due to each phenotype will be the same. This special case implies meaningful biological significance and has been reported in some cancer cell lines (breast cancer [8] and colon cancer [7, 14] ). Eq. (5) will be reduced to a very simple form
that is, W will grow exponentially with constant rate (corresponding to the constant doubling time reported in [8] ). We will show in next section that, even though this special case seems trivial, it is not insignificant for distinguishing the reversible and hierarchical models. For convenience, we denote
(4) Note that all the parameters are assumed to be constant in our model, which is independent of intercellular interaction and microenvironment. This is of course a simplification of the biological facts. To better describe real cancer cell populations, the parameters should be time-varying and density-dependent. However, we will show that the model assumption in this work is not overly simplistic to characterize the phenotypic plasticity in comparison to the cellular hierarchy.
In the remaining of this section, we will convert Eq. (1) concerning the dynamics of cell numbers into the following Eq. (10) governing the dynamics of cell proportions. This is because in reality, relative cell numbers, rather than absolute cell numbers, are usually measured by fluorescence-activated cell sorting (FACS) experiments. Let x 0 = X 0 /W , x 1 = X 1 /W and x 2 = X 2 /W , by variable substitutions in Eq. (1) we have
Note that x 0 + x 1 + x 2 = 1, the freedom of Eq. (10) is actually two. By letting
where
When β 2 = β 3 = γ 2 = γ 3 = 0, i.e. the phenotypic conversion rates are set to be zero, we have
We term Eq. (11) the reverisble model, and Eq. (16) the hierarchical model. The comparison of these two models is the main task in the following section.
Results
In this section we try to give a comparative study of the reversible model Eq. (11) and hierarchical model Eq. (16) . One trivial difference between the two models occurs when there is no CSC in the initial population. In this case, since in the hierarchical model CSCs cannot be spontaneously created by other cellular phenotypes, there is no CSC in the population all the time, whereas new-born CSCs can be generated from NSCCs in the reversible model. However, in reality it is quite impossible to completely purify cancer cell lines without any CSCs by cell sorting. Based on this fact, we only discuss the cases with positive initial states of CSCs afterwards. Both long-term stable behavior and short-term transient dynamics are investigated when comparing the two models. Enlightened by [8] , we are particularly concerned about the performances of the two models in predicting the phenotypic equilibrium and overshoot.
Linear case
As mentioned in section 2, we show special interest in the case of A 1 = A 2 = A 3 . Even though this corresponds to the simple linear case (all the coefficients of the second order terms in Eq. (11) and Eq. (16) will be zero provided A 1 = A 2 = A 3 ), the two models show dramatic differences in predicting the phenotypic equilibrium and overshoot.
For the linear hierarchical model
It is easy to give their explicit solutions
where x 0 (0) and x 1 (0) are the initial states. Based on the solutions, we have two results:
1. Since x 0 (t) and x 1 (t) are both monotonic functions of t, they cannot perform overshoot.
Note that lim
CSCs proportion will eventually be zero, and the equilibrium proportions of x 1 and x 2 depend on the initial states. Noticing that the phenotypic equilibrium corresponds to the stable mixture of distinct phenotypes that is independent of the initial states [8] , the linear hierarchical model fails to predict the phenotypic equilibrium.
In other words, the linear hierarchical model Eq. (17) predicts neither phenotypic equilibrium nor overshoot behavior. We turn our attention to the linear reversible model
For the phenotypic equilibrium, we have the following theorem: (19) , where
The proof is put in A. Theorem 1 indicates that the equilibrium of the phenotypic mixture naturally holds in the linear reversible model. We now consider whether the linear reversible model can perform overshoot. The main results are listed in Table 1 . The definitions of ∆ and A are presented in (24) and (22) respectively. We use phase diagrams to illustrate the overshoot of the linear reversible model in different cases (see B for mathematical details):
1. Asynchronous overshoot (Fig. 2a) . It is shown that either x 0 or x 1 can perform overshoot, but they cannot perform overshoot simultaneously. In particular, Starting from P 1 , only can x 0 perform overshoot, while x 1 shows overshoot when starting from P 2 . (Fig. 2b) . In this case, overshoot can occur simultaneously in x 0 and x 1 . It is shown that starting from P 1 , both x 0 and x 1 increase over the equilibrium level, and then return back towards E.
Synchronous overshoot

3.
Oscillating overshoot (Fig. 3) . In comparison to the simple overshoot whereby only one uphill-downhill movement occurs during the processes, oscillating overshoot indicates multiple uphill-downhill movements with damped amplitude, corresponding to damped oscillatory dynamics.
To sum up, according to the comparisons between Eqs. (17) and (19) , the linear reversible model shows decided advantage over the linear hierarchical model in performing both the phenotypic equilibrium and overshoot behavior. Figure 2 : (a) The phase diagrammatic sketch of asynchronous overshoot: When starting from P 1 , x 0 can first exceed x * 0 and then decrease to it (overshoot), whereas x 1 cannot perform overshoot. However, when starting from P 2 , x 1 becomes the overshoot variable, x 0 becomes non-overshoot. That is, either x 0 or x 1 can perform overshoot, but they cannot perform overshoot simultaneously. (b) The phase diagrammatic sketch of synchronous overshoot: When starting from P 1 , both x 0 and x 1 can exceed E and then decrease to it. This indicates synchronous overshoot of x 0 and x 1 . 
Nonlinear case
We now remove the constraint of A 1 = A 2 = A 3 and further consider the nonlinear case in this section. For the nonlinear hierarchical model Eq. (16), the following theorem indicates the condition under which the mixture of diverse phenotypes will finally stabilize: 
The proof is put in C. Note that α 1 , β 1 − β 4 and γ 1 − γ 4 are the diagonal elements of the growth matrix Q * in Eq. (4), representing the per capita growth rates due to the corresponding cell phenotypes themselves. Theorem 2 thus indicates that the nonlinear hierarchical model is capable of predicting the phenotypic equilibrium only provided that the self-contributed growth rate by CSCs is larger than that of more committed cancer cells.
Furthermore, from the proof of Theorem 2 we know that there are three singular points in Eq. (16) (Fig. 4) . Based on this fact, the phase diagram of Eq. (16) can be shown in Fig. 4 provided the condition of Theorem 2. When the initial state is located at point A, there is no overshoot since both Figure 4 : The global phase diagrammatic sketch of the nonlinear hierarchical model Eq. (16) . When starting from A, there is no overshoot since both x 0 and x 1 are monotone increasing to E ′ 2 . However, when starting from B, x 0 is still monotone increasing (nonovershoot), whereas x 1 shows an overshoot movement.
x 0 and x 1 are monotone increasing to E ′ 2 . However, when the initial state is located at point B, x 0 and x 1 show different behavior. x 0 is still monotone increasing whereas x 1 shows an uphill-downhill overshoot movement.
From the above analysis, the nonlinear hierarchical model seems better than the linear hierarchical model in performing the phenotypic equilibrium and overshoot. However, there are two deficiencies:
1. The condition in Theorem 2 can be violated in reality. It has been reported that more committed cancer cells can have faster cycling time than stem-like cancer cells in some cancers [21, 22] . That is, one should be cautious about the validation of Theorem 2 in practical use.
2. Even though the nonlinear hierarchical model can perform overshoot, it cannot predict the overshoot of CSCs proportion (x 0 ). Note that the transient increase in CSCs proportion is of particular interest to cancer biologists since they are concerned about how the residual CSCs relapse after the treatments of cancer. Therefore, the nonlinear hierarchical model still shows limitations in predicting overshoot.
We now discuss the the nonlinear reversible model Eq. (10). Since it has been shown that the simple linear case of the reversible model behaves well in predictions, here we are more concerned about whether the nonlinear complexity essentially changes the dynamics in the linear case. For this we have the following theorem: The proof is put in D. According to Theorem 3, we can see that the nonlinearity still maintains the long-term stability of the linear reversible model (Theorem (1) ). Noticing that the proof of Theorem 3 is still valid in the general multi-phenotypic case, also indicating the universality of the phenotypic equilibrium in the reversible model.
Conclusions
Since whether or not cancer cells can undergo reversible phenotypic switchings is still experimentally debated, we have tried to provide some theoretical insights for characterizing the reversible model with the phenotypic plasticity. According to our results, the phenotypic plasticity can serve as an effective heterogeneity-maintaining mechanism in both long-term and transient dynamics of cancer cells. On one hand, the mixture of diverse cancer cell phenotypes can preferably be stabilized by the reversible model. On the other hand, the overshoot performed by it explains the rapid relapse of CSCs proportion after its elimination (e.g. CSCs-target therapy) observed in experiments.
Even though this study is focused on cancer, our method can also be applied to other cellular systems with phenotypic transition mechanisms. Moreover, noticing that the model here is deterministic, whereby stochastic effects are not accounted for. Therefore, the multi-type branching model [30] concerning both the stochastic phenotypic switchings and proliferations of cancer cells is another interesting research direction [31] . The phenotypic equilibrium would be endowed with fresh biological meanings by showing the pathwise convergence of the stochastic model. Besides the long-term stable behavior, the short-term transient dynamics also deserve special attention [32] . In addition to overshoot, it is worthwhile to explore more patterns of transient dynamics that could characterize the reversible nature of the phenotypic plasticity.
A Proof of Theorem 1
Proof. Let
it is easy to see that E = (x * 0 , x * 1 ) is the only fixed point. To proof the stability of E, let
Let w = (w 0 , w 1 ) T and
Eq. (21) can be expressed as d w dt = A w. E ′ = (0, 0) becomes the only fixed point and its characteristic equation is
Since
the real parts of λ 1 and λ 2 are negative. Hence E ′ is the only stable fixed point of Eq. (21), and then E is the unique stable fixed point of Eq. (19) . The proof is completed.
B overshoot of the linear reversible model
be the discriminant of (23) . Since it has been shown that real parts of λ 1 and λ 2 are negative, the linear reversible model can be classified into the following four cases: 1. ∆ > 0. In this case the matrix A in Eq. (22) has two unequal negative eigenvalues. Thus E ′ is the node of Eq. (21), correspondingly E is the node of Eq. (19) (Fig.  B5a) . The linear reversible model thus cannot perform overshoot.
2. ∆ = 0 and A is diagonalizable. Since E is the star node in this case (Fig. B5b) .
There is no overshoot of x 0 and x 1 .
3. ∆ = 0 and A is not diagonalizable. In this case E is the bidirectional node. The model can perform two types of overshoot behavior. If (A 4 −A 7 )/A 5 > 0, the overshoot performed by x 0 and x 1 is asynchronous (Fig. 2a) . In particular, it is shown that starting from P 1 , only can x 0 perform overshoot, whereas starting from P 2 , x 1 becomes the overshoot variable. However, If (A 4 − A 7 )/A 5 < 0, an interesting synchronous overshoot phenomenon arises in this case (Fig. 2b) . It is shown that starting from P 1 , both x 0 and x 1 exceed the level of equilibrium point E and then decrease to it, i.e. they perform overshoot simultaneously.
∆ < 0.
A has two conjugate complex eigenvalues with negative real part. E is the focus, resulting in damped oscillation dynamics (Fig. 3) . That is, an oscillating overshoot is performed by the linear reversible model in this case.
C Proof of Theorem 2
To find the fixed points of Eq. (16), we consider
, that is, we have two fixed points
,
Since α 1 > β 1 − β 4 and α 1 > γ 1 − γ 4 , we have 0 < x * 0 < 1 and 0 < x * 1 < 1. Let
The Jacobian matrix of Eq. (16) is given by
.
Let us first consider the stability of
(x * 0 , x * 1 ).
Then we have 
D Proof of Theorem 3
Proof. Our proof is valid for general multi-phenotypic cases, so in this section the dimension of the matrix Q in Eq (2) is not restricted to three any more, but n in general. Without loss of generality, we only prove the theorem when Q is positive (all the elements of Q are positive) 2 . According to the well-known Perron-Frobenius theory (see chapter 1 in [33] ), Q has a real eigenvalue λ 1 satisfying Reλ < λ 1 for any other eigenvalue λ of Q (called the Perron-Frobenius eigenvalue) and λ 1 is simple (a simple root of the characteristic equation of Q).
Since λ 1 is simple, the solution of Eq. Noticing that Perron-Frobenius theory ensures that all the components of u are positive, i.e. u > 0. Before we complete the proof, we need to discuss c 1,1 = 0. In this case, the above method does not work. However, since fluctuations are inevitable in real world, c 1,1 = 0 will hardly happen in reality. 
